We study the problem of determining risk-minimizing investment strategies for insurance payment processes in the presence of taxes and expenses. We consider the situation where taxes and expenses are paid continuously and symmetrically and introduce the concept of tax-and expense-modified risk-minimization. Risk-minimizing strategies in the presence of taxes and expenses are derived and linked to Galtchouk-Kunita-Watanabe decompositions associated with modified versions of the original payment processes. Furthermore, we show equivalence to an alternative approach involving an artificial market consisting of after-tax and after-expense assets, and we establish a type of consistency with classic risk-minimization. Finally, a case study involving classic multi-state life insurance payments in combination with a bond market exemplifies the results.
Introduction
According to a recent OECD report on taxation of funded private pension plans across countries [9] , taxes on pension fund returns are widespread. Consequently, market consistent valuation of such insurance liabilities requires one to take into account the associated future tax payments, which are closely related to the investment strategy. Similarly,
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future expenses associated with the management of the insurance contract and investment strategy should be included in considerations about hedging and valuation. The necessity to take taxes and expenses into account is also reflected in the Solvency II regulation, see [12] Article 77-78 and [13] Article 28, and the forthcoming IFRS17 regulation, see [3] Paragraph 34 and Paragraph B65(j). It is our impression that a unified theory for market consistent valuation in the presence of taxes and expenses is yet to be developed, and accordingly, it is common among practitioners to take taxes and expenses into account via certain ad hoc adjustments of the forward interest rate curve, confer with [5] .
In this paper, we consider quadratic hedging of insurance payment processes in the presence of taxes and expenses. We allow for taxes and expenses which depend on the investment strategy and develop the concept of tax-and expense-modified riskminimization. The taxes are defined as a fraction of the returns from the investment strategy, and the expenses are defined as a fraction of the value of the investment strategy, thus both are symmetrical and continuously paid. The primary idea is to introduce a tax-and expense-modified version of the so-called cost process and then minimize at any time the associated risk process, which is defined as the conditional expected value of the squared future tax-and expense-modified costs, conditional on the current information available. As our main result, we show the existence and uniqueness of an optimal strategy and relate it to the Galtchouck-Kunita-Watanabe decomposition of the intrinsic value process associated with a tax-and expense-modified payment process.
Given a payment process in an incomplete market, it is well studied how to apply the quadratic hedging criterion of risk-minimization to find an optimal investment strategy and to price the contract. The criterion of risk-minimization was originally proposed by [8] and was extended to insurance payment processes in [15] ; for an overview, see [18] . Tax-and expense-modified risk-minimization differs from classic risk-minimization, in essence because we use a tax-and expense-modified savings account as numeraire. We show that tax-and expense-modified risk-minimization is consistent with classic riskminimization in the sense that a subsequent application of classic risk-minimization confirms the investment strategy, thus not reducing the risk further.
In addition to the tax-and expense-modified risk-minimization approach, we also solve the problem by creating an artificial after-tax and after-expense market: The assets are constructed such that the returns are after payment of taxes and expenses. In this market, we are able to apply classic risk-minimization and thereby find an optimal investment strategy, which is essentially identical to the investment strategy from taxand expense-modified risk-minimization. This is a consequence of the cost processes in the two approaches being in a certain sense identical.
Taxes on investment returns and expenses associated with the management of the in-surance contract and investment strategy can be viewed as negative dividends. In that sense, the concept of tax-and expense-modified risk-minimization corresponds to a kind of risk-minimization in the presence of negative dividends. While the extension of riskminimization to include transaction costs is studied in depth in the literature, see e.g. [14] and [10] , there does not seem to be a similar treatment in the literature of the case of dividends; an exception being [1] on quadratic hedging in the presence of discrete stochastic dividends.
In [5] , valuation of insurance payment processes in the presence of continuously paid and symmetrical taxes and expenses is studied in complete markets. By identifying and explicitly constructing the inherent tax and expense payment processes and adding these to the existing insurance payment process, [5] were able to derive replicating strategies and determine the market value of the combined liability. In this paper, we essentially extend these results to incomplete markets.
Having determined the value of the combined liability, as well as the associated riskminimizing investment strategy, it is interesting, as was done for complete markets in [5] , to study the decomposition into benefit, tax, and expense parts. This is, however, together with extensions of the tax-and expense setup to include discrete and assymetrical payments postponed to future research.
The paper is structured in the following way. In Section 2, we give a brief review of the main results on risk-minimization for insurance payment processes. In Section 3, we study risk-minimization in the presence of continuously paid and symmetrical taxes and expenses. Section 4 concludes with a case study, where we consider classic multi-state life insurance payments in a bond market for a constant tax rate and expenses depending on the state of the insurance contract(s).
Risk-minimization for insurance payment processes
In this section, we give a brief review of the main results on risk-minimization for insurance payment processes from [15] , see also [18] , before introducing taxes and expenses in the next section. Regarding the technical details and the necessary regularity conditions, we in general refer to [15] and references therein.
Consider an arbitrage-free financial market consisting of d + 1 traded assets with price processes S 0 and (S 1 , . . . , S d ) defined on a probability space (Ω, F, P ) equipped with a filtration F = (F(t)) t∈[0,T ] satisfying the usual conditions with F(0) trivial. Here T > 0 is a fixed finite time horizon. We assume that S 0 is the savings account and that it is on the form
where r is the so-called (càdlàg) short rate process.
All quantities are modeled directly under an equivalent martingale measure Q, such that the discounted price processes S * j = S j /S 0 are Q-martingales. In general, results hold Q-a.s.
We study an undiscounted insurance payment process, which is a stochastic process A describing the accumulated benefits less premiums associated with some insurance contract(s).
Following [17, 19] , there exists a bounded, strictly increasing, predictable process B, null at 0, such that
with · denoting the predictable variation. Define matrix-valued predictable process σ S by
Here each σ S (t) is a positive semidefinite symmetric d × d-matrix. To ensure uniqueness of certain decompositions and optimal strategies in the sense that the amount invested in every asset is unique, we further assume that each σ S (t) is actually positive definite.
An investment strategy h is a (d + 1)-dimensional process. Both the discounted price processes S * j , the insurance payment process A, and the investment strategies h, satisfy certain regularity conditions. The undiscounted value process V associated with h is defined by
The value process measures the value of the investment strategy after the payments prescribed by A, i.e. V (h, t) is the value of the investments after the payments A(t) during [0, t]. We say that the strategy h is 0-admissible if the value at time T is 0, i.e. if V (h, T ) = 0.
The undiscounted cost process C associated with h is defined by
3)
The value process measures the current value of the investment strategy h, and the cost process measures the accumulated costs associated with the investment strategy h and the insurance payment process A. The accumulated costs at time t are given by the current value of the investment portfolio, added past payments and reduced by realized trading gains.
Define the discounted value process by V * = V /S 0 , the discounted insurance payment process A * by A * (0) = 0 and dA
and the discounted cost process C * by C * (0) = 0 and dC
It follows that
The risk process R associated with h and A is defined by
The process measures the quadratic risk under the measure Q associated with the future costs (C * (h, T ) − C * (h, t)). An investment strategy h is said to be risk-minimizing for A if it is 0-admissible and minimizes the risk process at any point in time.
Following [8] and [15] , define the so-called intrinsic value process V A * associated with A * by
There exists a unique decomposition for V A * on the form
where h A * 1 , . . . , h A * d satisfy certain regularity conditions, and where L A * is a zero-mean Q-martingale which is orthogonal to the discounted price processes S * . The decomposition (2.8) is also known as the Galtchouk-Kunita-Watanabe decomposition.
Theorem 2.1 in [15] shows for the case d = 1 (an extension to the multidimensional case is possible; the assumption of positive definiteness following (2.1) ensures uniqueness) that there exists a unique risk-minimizing investment strategy h * for A given by h * j = h A * j for j = 1, . . . , d and
Consequently, if one can explicitly write up the relevant Galtchouk-Kunita-Watanabe decomposition, this immediately yields an explicit risk-minimizing investment strategy for the insurance payment process.
The value process associated with the risk-minimizing investment strategy is
in particular, the value of the investments before any payments is
due to (2.9).
3 Risk-minimization in the presence of taxes and expenses
We extend the setting from Section 2 by including taxes and expenses paid continuously and symmetrically. As in the previous section, we consider an insurance payment process A b describing the accumulated benefits less premiums associated with some insurance contract(s).
We study two different approaches. First, we define after-tax and after-expense price processes directly from the underlying before-tax and before-expense price processes. These price processes are constructed exactly such that the return corresponds to the original return after taxes and expenses. In this setting, we apply the criterion of riskminimization directly within this artificial after-tax and after-expense market. Second, we follow [5] and construct explicitly the payment processes associated with taxes and expenses and introduce the concept of tax-and expense-modified risk-minimization. The two approaches are conceptually different but are, as we unveil, mathematically equivalent in a specific sense which we explain later. The first approach using after-tax and after-expense price processes is detailed in Subsection 3.1, while Subsection 3.2 deals with tax-and expense-modified risk-minimization.
Following the second approach, where we have employed tax-and expense-modified riskminimization, the risk-minimizing investment strategy leads to specific tax payments and expense payments. We investigate the following question: if another investor assumes these payments, would he/she using classic risk-minimization as in Section 2 employ a different optimal investment strategy than the original investor, who used the criterion of tax-and expense-modified risk-minimization? Unsurprisingly, the answer turns out negative; it is not possible to reduce the risk further. The investigation is presented in Subsection 3.3.
Risk-minimization in the after-tax and after-expense market
To model the taxes and expenses, we introduce a tax rate γ and an expense rate δ; both are adapted processes. We assume that γ takes values in [0, 1), has limits from the left, and is bounded away from 1, while δ is only assumed to be bounded (and measurable). The taxes are paid continuously at rate γ as a fraction of all returns (positive and negative) from the investment strategy, and the expenses are also paid continuously at rate δ but instead as a fraction of the value of the strategy.
Consider after-tax and after-expense price processesŠ j given byŠ j (0) = S j (0) and
for j = 0, 1, . . . , d, where S j are the before-tax and before-expense price processes introduced in Section 2. In the following, we assume that the fractionŠ j /S j is well-defined and that there exists a suitably regular (strong) solution to (3.1). We interpret the after-tax and after-expense price processes as price processes of an artificial after-tax and after-expense market; this is based on the following observation: Rewriting (3.1), we see that
which shows that the relative returns of the after-tax and after-expense assets are affine transformation of the relative returns of the original before-tax and before-expense assets. The relative returns are scaled with a factor (1 − γ) and reduced by δ. In other words, the returns (3.1) correspond to the returns obtained by an investor paying taxes and expenses according to the scheme described in the beginning of this subsection.
The after-tax and after-expense version of the savings account is given aš
This can be interpreted as using an artificial after-tax and after-expense short rate ((1 − γ)r − δ) rather than the original short rate r.
We now study the artificial after-tax and after-expense market (Š 0 ,Š 1 , . . . ,Š d ) within the setup of Section 2. Thus, we use the after-tax and after-expense savings accountŠ 0 as numeraire, and we search for a risk-minimizing investment strategyȟ for an insurance payment process A b in the after-tax and after-expense market.
It can be shown that the discounted after-tax and after-expense price processes defined byŠ
Note thatŠ 0 rather than S 0 is used as numeraire in the definition of the discounted after-tax and after-expense price processes.
Since the discounted before-tax and before-expense price processes S * j are Q-martingales, it follows from (3.3) that the after-tax and after-expense price processesŠ * j are Q-local martingales. In the following, we assume for simplicity that the after-tax and afterexpense price processes actually are Q-martingales.
which relates the dynamics of the discounted after-tax price and after-expense price processes to the dynamics of the discounted before-tax and before-expense price processes.
In this setting, the discounted insurance payment processǍ b, * is given byǍ b, * (0) = A b (0) and
the undiscounted and discounted value processesV andV * associated with h arě
and the undiscounted and discounted cost processesČ andČ * associated with h arě
It follows from the results reviewed in Section 2 that the risk-minimizing investment strategy for the insurance payment process A b in the after-tax and after-expense market with numeraireŠ 0 can be expressed in terms of the Galtchouk-Kunita-Watanabe decomposition
where the zero-mean martingaleĽǍ b, * is orthogonal to the discounted after-tax and after-expense price processes (Š * 1 , . . . ,Š * d ). With this notation in place, we can write up the following result, which is an immediate consequence of the results reviewed in Section 2.
Proposition 3.1. The unique risk-minimizing investment strategyȟ * in the after-tax and after-expense market is given byȟ *
The associated value process iš
From (3.11) we see that the current value of the strategy can be obtained as the conditional expected value of future payments, discounted with an artificial after-tax and after-expense short rate ((1 − γ)r − δ) rather than the original short rate r.
Recall that our interest lies in the before-tax and before-expense market rather than the artificial after-tax and after-expense market. We shall therefore now re-state the risk-minimizing strategy in terms of quantities pertaining to the before-tax and beforeexpense market.
An alternative Galtchouk-Kunita-Watanabe decomposition of VǍ b, * is obtained by taking the discounted before-tax and before-expense price processes (S * 1 , . . . , S * d ) as integrators, which yields 12) where the zero-mean martingale LǍ * ,b is orthogonal to the discounted before-tax and before-expense price processes (S * 1 , . . . , S * d ). It moreover follows from (3.4) that
Because LǍ * ,b is orthogonal to (S * 1 , . . . , S * d ), we thus find that it is also orthorgonal to (Š * 1 , . . . ,Š * d ). By (3.13), we also find that
Hence (3.14) is another Galtchouk-Kunita-Watanabe decomposition of VǍ b, * w.r.t.
While the risk-minimizing investment strategy of Proposition 3.1 pertains to the aftertax and after-expense market, it can be re-stated in terms of the before-tax and beforeexpense assets. Assume for a moment that the price processes are continuous such, thus S j (t−) = S j (t). An investment at time t ofȟ * j (t) in the after-tax and after-expense asset j corresponds to an investment of
in the before-tax and before-expense asset j. It follows from (3.15) and (3.9) that 
Even if the price processes are not continuous, we can consider the investment strategy h * given by
where the investment in the before-tax and before-expense savings account exactly has been determined such that the total value remains unchanged, i.e. such that
In particular, h * is 0-admissible (pertaining to the before-tax and before-expense market). Furthermore, straightforward calculations show that h * also in the discontinuous case satisfies (3.17) and (3.18). In the following subsection, we arrive at the same investment strategy by explicitly constructing the payment processes associated with taxes and expenses and applying the new concept of tax-and expense-modified risk-minimization rather than classic risk-minimization.
Tax-and expense-modified risk-minimization
In this subsection, we apply an alternative approach and construct explicitly payment processes related to taxes and expenses. Let γ and δ be the tax and expense rates introduced in Subsection 3.1. Since the taxes and expenses lead to payments that depend on the investment strategy and the investment returns, we introduce two additional payment processes A tax (h) and A e (h) for taxes and expenses, respectively, defined as A tax (h, 0) = 0, A e (h, 0) = 0, and
We note that the taxes are symmetric in the sense that positive investment returns lead to a tax payment, whereas negative investment returns lead to a tax income (negative payment). We can interpret the taxes and expenses as negative dividends, by introducing dividend processes D j given by D j (0) = 0 and
The traded assets with price processes (S 0 , S 1 , . . . , S d ) are then to be seen as trading ex dividend (or before taxes and expenses). In comparison, the artificial market with price processes (Š 0 ,Š 1 , . . . ,Š d ) of Subsection 3.1 was given the interpretation of being after taxes and expenses. As mentioned in Section 1, risk-minimization in the presence of dividends appears to be a rather unexplored area of research; for a general introduction to dividends in continuous time see [2] Chapter 16.
We are interested in the problem of determining risk-minimizing hedging strategies for the combined payments consisting of the three payment processes A b , A tax (h), and A e (h). Thus, we define the undiscounted cost process in the presence of taxes and expenses as the cost process of the total payments, which depend on the choice of our object of interest, namely the investment strategy h. In this sense, we are facing a fixed point equation.
Definition 3.2. The undiscounted cost process C in the presence of taxes and expenses associated with an investment strategy h and an insurance payment process A b is defined by
where A tax (h) and A e (h) are defined by (3.22) and (3.23), respectively.
We see that C(h, t) comprises the accumulated costs during [0, t] including the payments A b , A tax (h), and A e (h). Therefore, the value process at time t, i.e. V (h, t), should, in a similar fashion to previously, be interpreted as the value of the portfolio h held at time t after all payments during [0, t], including taxes and expenses.
The discounted cost process C * is defined from the undiscounted cost process via (2.4), i.e.
We now introduce the following definitions of the tax-and expense-modified value process, cost process, and risk process.
Definition 3.3. The tax-and expense-modified value and cost processes are defined viã
where C * is defined by (3.25) , and where C is defined by (3.24). A strategy is said to be risk-minimizing for A b in the presence of taxes and expenses if it is 0-admissible and minimizes for all t ∈ [0, T ] the tax-and expense-modified risk processR defined bỹ
Note that the tax-and expense-modified quantities correspond to the usual discounted quantities but using as numeraire the after-tax and after-expense savings account rather than the before-tax and before-expense savings account.
Using methods similar to the ones applied in [5] , we observe that
It follows from the definition given by (3.27) and the above calculation that
Thus, the dynamics of the tax-and expense-modified cost processC has a structure which is similar to the dynamics for the discounted cost process in the traditional setting, compare with (2.5). This observation enables us to use similar techniques as in the classic setting without taxes and expenses for determining risk-minimizing investment strategies. To do this, we first define a tax-and expense-modified versionÃ b of the discounted insurance payment process A b, * viã
Note that the tax-and expense-modified insurance payment process corresponds to the usual discounted insurance payment process but with the after-tax and after-expense savings account rather than the before-tax and before-expense savings account as nu-
withǍ b, * given by (3.5). The new notation is solely to stress the change in interpretation compared to the Subsection 3.1.
We again define the intrinsic value process associated withÃ b as the Q-martingale
and (re-)write its Galtchouk-Kunita-Watanabe decomposition as The following theorem contains the main result of the paper. for j = 1, . . . , d and
The associated risk process is given bỹ
36)
and the associated value process is
The proof of the result is presented below. First, we give an interpretation of the result and relate it to the risk-minimizing strategy in the after-tax and after-expense market, confer with Proposition 3.1 and the discussion thereafter.
By comparing (3.33) and (2.8), we see that the quantity hÃ b j (t) can be interpreted as the number of assets j at time t in a risk-minimizing investment strategy for the modified payment processÃ b in the classic setting without taxes and expenses, see Section 2. The solution of Theorem 3.4 is a modification of this strategy which adjusts for the taxes and expenses via the factors (1 − γ(t−)) −1 and e
From (3.37) we see that the current value of the strategy can be obtained as the conditional expected value of future payments, discounted with a modified short rate ((1 − γ)r − δ) rather than the original short rate r.
The modified discount factor corresponds to using the after-tax and after-expense savings account rather than the before-tax and before-expense savings account as the reference for the time-value of money. Moreover, the value agrees with the value obtained in Subsection 3.1 for the after-tax and after-expense market, confer with (3.11), i.e.
withȟ * given by (3.9) and (3.10). Actually, we see thath = h * with h * given by (3.19) and (3.20) . This proves the relation between after-tax and after-expense risk-minimization and tax-and expense-modified risk-minimization alluded to at the end of Subsection 3.1. In other words, strategies resulting from the two conceptually different approaches are mathematically equivalent in the sense that the values invested in each asset are equal.
The proof of Theorem 3.4 can in principle be based on Proposition 3.1. Straightforward calculations show that the modified and discounted cost processesC andČ * , respectively, are directly related by adjusting the investment strategies according to the mappings given by (3.19) and (3.20) . Thus by essentially combining (3.15) and (3.12) with the identity (3.30), the proof can be established. To better reveal what is going on behind the scenes, we provide a direct proof.
Proof of Theorem 3.4. The result is proven by determining the quantity (3.28) and minimizing it. Since, by definition, A tax (0) = 0 and A e (0) = 0, we see thatC(h, 0) = V (h, 0) +Ã b (0). It now follows from (3.29) and the definition of the modified cost process thatC
For 0-admissible strategiesh we have that V (h, T ) = 0 and hence alsoṼ (h, T ) = 0. Moreover, (3.33) implies that
Now insert (3.39) into (3.38) with t = T and useṼ (h, T ) = 0 to see that
where the last equality follows from (3.33). By combining the expressions forC(h, T ) andC(h, t) and by using the orthogonality of the Q-martingales S * j and LÃ b , we see that
with R 1 and R 2 given by
The terms R 1 and R 2 can now be eliminated as follows. First, the term R 2 is eliminated by e.g. choosing (h 1 , . . . ,h d ) according to (3.34) . By examining R 1 , we realize that this term next can be eliminated if and only if
i.e. if and only if
which is then obtained by choosingh 0 uniquely according to (3.35) . This shows thath given by (3.34) and (3.35) is a risk-minimizing investment strategy for A b in the presence of taxes and expenses, and, further, establishes (3.36) and (3.37).
To prove uniqueness, it remains to be shown that eachh j for j = 1, . . . , d is uniquely determined. First note that by Itô isometry and (2.1),
where α = (α 1 , . . . , α d ) is given by 
Two-step risk-minimization
In this subsection, we study two-step risk-minimization in the following sense. Assume that the original investor, say an insurer, adopts the risk-minimizing investment strategỹ h in the presence of taxes and expenses given by Theorem 3.4. Then he/she faces the tax specific payments A tax (h) and expense payments A e (h) in addition to the original insurance payments A b . We consider the scenario where a systemic investor, e.g. a reinsurer, assumes the payments and faces the problem of classic risk-minimization (in the absence of taxes and expenses) within the setup of Section 2. The relevant classic insurance payment process A is thus given by
whereh is given by Theorem 3.4 and thus fixed. To determine the classic risk-minimizing investment strategy for A, we now study the intrinsic value process V A * associated with A * . The following lemma is key:
Lemma 3.5. With A given by (3.40), the corresponding intrinsic value process V A * has Galtchouk-Kunita-Watanabe decomposition given by
withh the risk-minimizing investment strategy of A b in the presence of taxes and expenses given by Theorem 3.4 and with LÃ b as in the Galtchouk-Kunita-Watanabe decomposition of VÃ b , confer with (3.33). Furthermore,
Proof. By straight-forward calculations we obtain the following expression:
Because the discounted price processes are Q-martingales, it follows that
From (3.37),
By the law of iterated expectations and by interchanging the order of integration, simple manipulations yield
see also (2.7) and (3.32). Collecting everything, we obtain
as desired. Now use integration by parts and the definition ofÃ b to realize that
From the Galtchouk-Kunita-Watanabe decomposition of VÃ b , confer with (3.33), and the identity (3.34), it follows that
Note that the final term is a zero-mean Q-martingale orthogonal to the discounted price processes, because this is the case for LÃ b . We conclude that V A * has Galtchouk-KunitaWatanabe decomposition given by
as desired.
Combining Lemma 3.5 with the classic results reviewed in Section 2, we obtain the main result of this subsection:
Proposition 3.6. With A given by (3.40) there exists a unique classic risk-minimizing investment strategy for A, and this investment strategy is identical to the unique riskminimizing investment strategy for A b in the presence of taxes and expenses.
Proof. It follows from the results reviewed in Section 2 that there exists a unique classic risk-minimizing investment strategy h * for A given by h * j =h j for j = 1, . . . , d, due to Lemma 3.5, and
To establish the theorem, it remains to be shown that h * 0 (t) =h 0 (t). From (3.35),
such that it suffices to show that
But this also immediately follows from Lemma 3.5 thus completing the proof.
Proposition 3.6 allows us to draw the following conclusion. If a systemic investor assumes all payments, including taxes and expenses, of an original investor adopting the risk-minimizing investment strategy in the presence of taxes and expenses, and faces the problem of classic risk-minimization (in the absence of taxes and expenses), then the optimal strategy coincides with the strategy adopted by the original investor; in particular, additional risk reduction is impossible, and in this specific sense, tax-and expense-modified risk-minimization is consistent with classic risk-minimization.
Case study: classic multi-state life insurance payments
We extend the classic life insurance setting, see e.g. [11, 16, 6] , by allowing for investments in a bond market following a Vasicek term structure model with a deterministic tax rate and expenses depending on the state of the insurance contract(s). Our approach is comparable to that in [15] Subsection 3.1, with the primary new contribution being the inclusion of taxes and expenses; in particular, we derive the risk-minimizing investment strategy in the presence of taxes and expenses using the tools developed in Section 3. Throughout the exposition, we explain how to extend the results to general term structure models.
In Subsection 4.1, we introduce models for the market, insurance payment process, and taxes and expenses. Next, the risk-minimizing hedging strategy in the presence of taxes and expenses is derived in Subsection 4.2. Finally, we discuss valuation and computability with a view towards actuarial practice in Subsection 4.3.
Setup
The financial market consists of two assets with price processes (S 0 , S 1 ) driven by a stochastic short rate process r following a Vasicek model. In other words, r is an Ornstein-Uhlenbeck process satisfying the stochastic differential equation
where κ, θ, and σ are positive constants and W is a standard Brownian motion under an equivalent martingale measure Q.
The development of an underlying life insurance contract (or multiple contracts) is described by the classic multi-state Markov model of [11] . Let Z = (Z(t)) 0≤t≤T be a Markovian jump process with values in a finite set J = {0, 1, . . . , J} describing the state of the contract(s). The initial state of the contract(s) is taken to be 0 such that Z(0) = 0.
A multivariate counting process N = (N jk ) j,k∈J ,k =j is associated with the jump process Z by setting N jk (0) = 0 and We assume that Z and the financial market given by W are independent under Q, and we take the filtration F to be the Q-augmentation of the natural filtration of Z and W .
As before, S 0 is the savings account taking the form
In addition to the savings account, the market contains a zero coupon bond with expiry at time T > 0. The price process is:
We assume there exists continuous functions [0, T ] t → µ jk (t), j, k ∈ J , k = j, such that Z has transition intensities µ completely characterizing the distribution of Z. It follows that the processes M jk = (M jk (t)) 0≤t≤T given by
are orthogonal martingales. Furthermore, each M jk is also orthogonal to the discounted price process S * 1 = S 1 /S 0 .
We are interested in payment processes related to the development of the contract(s). Specifically, the insurance payment process A b has dynamics
for t ∈ (0, T ] while A b (0) is some initial deterministic premium. Here b j are deterministic sojourn payments and b jk are deterministic transition payments all assumed measurable and bounded on bounded intervals. To keep the notation simple, we have disregarded lump-sum payments. An extension to more general payments is straightforward.
Finally, we specify the structure of taxes and expenses. The tax rate γ ∈ [0, 1) is assumed to be constant in time and deterministic. In particular, the tax rate does not depend on the history of the contract(s) or the history of the financial market. The expense rate δ is assumed to take the form
for t ∈ (0, T ], where δ j are continuous state-wise expense rates assumed deterministic. It follows that the expense rate only depends on the history of the contract(s) through the present state, and that the expense rate does not depend on the history of the financial market.
Tax-and expense-modified risk-minimization
Based on the Markovianity of the short-rate r, define F and F 1−γ by
Note that F (t, r(t), T ) = S 1 (t). Also note that
so that t → (1 − γ)r(t) is another Ornstein-Uhlenbeck process. Using explicit results for the Vasicek term structure model, see e.g. [2] Proposition 24.3, we then find that
where F r (t, r, s) = ∂ ∂r F (t, r, s) and similarly for F Define also so-called expense deflated transition probabilities p −δ by
If the expense rates are zero, these are in fact the usual transition probabilities. In the general case, it follows from Appendix A that the expense deflated transition probabilities satisfy systems of ordinary differential equations similar to Kolmogorov's backward and forward differential equations.
The tax-and expense-modified versionÃ b of the discounted insurance payment process is given byÃ
confer with e.g. (3.30).
The following approach follows along the lines of Section 3 in [15] . Using the independence between Z and the financial market, it can be shown that the intrinsic value process associated withÃ b can be written as
where Y
−δ i
is given by
This expression for the intrinsic value process is comparable to that of [15] p. 426, and we may therefore proceed using the same techniques as in [15] pp. 442-444.
Define so-called state-wise prospective reserves V
We are now ready to state the relevant Galtchouk-Kunita-Watanabe decomposition:
Lemma 4.1. The Galtchouk-Kunita-Watanabe decomposition of VÃ b is given by
where
Proof. The proof mirrors the proof of [15] Lemma 3.2. We therefore only sketch the essential steps with a focus on the complications that arrive due to the inclusion of taxes and expenses.
First, one takes a closer look at the dynamics of
Using a system of ordinary differential equations similar to Kolmogorov's backward differential equations, see Appendix A, and then proceeding along the lines of [15] pp. 443-444, it is then possible to show that
where v jk is given by (4.6) and
Using the Vasicek term structures, we next find that
see also (4.2). In other words,
with ξ i defined by (4.5) . Now recall that dS *
from which it follows thatξ
completing the sketch of proof.
Remark 4.2. For a general short rate model, the proof technique of Lemma 4.1 still applies and similar results as in the Vasicek term structure model remain obtainable. Assume the short rate satisfies the stochastic differential equation dr(t) = α(t, r(t)) dt + σ(t, r(t)) dW (t), with W still a standard Brownian motion under Q and where α and σ are functions satisfying certain Lipschitz conditions. Imposing suitable regularity conditions on the short rate model (equivalently, the term structure model), one finds
by following along the lines of the sketch of proof of Lemma 4.1. This results in the following Galtchouk-Kunita-Watanabe decomposition:
where now
As we have identified the Galtchouk-Kunita-Watanabe decomposition of VÃ b , we are now ready to apply the results on tax-and expense-modified risk-minimization to obtain the main result of this section:
Theorem 4.3. The unique risk-minimizing strategyh in the setting of Section 4 is given as follows:h
The associated value process is
Proof. The first statement follows immediately by combining Lemma 4.1 with Theorem 3.4 and the observation
confer with (4.4). The last statement follows by direct calculations from the first statement and (2.2).
Remark 4.4. In Remark 4.2 we discussed extension of the Galtchouk-Kunita-Watanabe decomposition of Lemma 4.1 to general short rate models. Based on this discussion, we can extend the conclusions of Theorem 4.3 to the general framework of Remark 4.2 in the following manner.
Assume the short rate satisfies the stochastic differential equation dr(t) = α(t, r(t)) dt + σ(t, r(t)) dW (t), with W still a standard Brownian motion under Q and where α and σ are functions satisfying certain Lipschitz conditions. Under suitable regularity conditions, the unique risk-minimizing investment strategyh is given bỹ h 1 (t) = The associated value process is still V (h, t) = V 1−γ,δ Z(t) (t).
Discussion
The unique risk-minimizing strategyh given by Theorem 4.3 is a modification of the classic strategy without taxes and expenses. The quantity Y −δ Z(t−) (t, s) is the expected future (diversified) rate of payments at time s given the present state of the insurance contract(s) at time t while taking future state-wise expenses into account; it can be interpreted as an expected expense-modified cash flow.
To cover the future infinitesimal expected payment at time s the strategy dictates an investment of F r (t, r(t), s) F r (t, r(t), T ) The product structure of (4.8) w.r.t. taxes and expenses is a direct consequence of the independence between market and insurance risks and the fact that tax rate does not depend on the history of the insurance contract(s) nor the market while the expense rate only depends on the history of the insurance contract(s).
To explicitly compute the risk-minimizing investment strategy and the associated value process, one needs to calculate F , F r , and F 1−γ as well as the expense-deflated transition probabilities p −δ ij . For the Vasicek term structure model, where in particular t → (1−γ)r is another Ornstein-Uhlenbeck process, the former quantities have closed-form expressions and are therefore easily calculated. Because the expense-deflated transition probabilities p −δ ij can be found by solving a system of ordinary differential equations similar to Kolmogorov's forward differential equations, see Appendix A, this establish a simple scheme for the computation of the risk-minimizing investment strategy and the associated value process.
In Remark 4.4 we elaborated on how to extend Theorem 4.3 to general short rate models. If the model is affine, the relevant quantities needed for computation of the riskminimizing investment strategy and the associated value process, i.e. F , F 1−γ r , and F 1−γ , can be calculated by solving systems of ordinary differential equations, see [7, 4] . The model of Section 4 can therefore easily be implemented in practice; and furthermore, the extension to general affine term structure models is relatively straightforward. 
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A Deflated transition probabilities
Let (Ω, F, P ) be a background probability space, and let Z be a Markovian jump process with values in a finite set J = {0, 1, . . . , n − 1} and associated multivariate counting process N . The transition probabilities of Z are given by n × n-matrices p, where p ij (t, s) = P [ Z(s) = j | Z(t) = i], and they satisfy the Chapman-Kolmogorov equation.
We assume the existence of continuous transition intensities µ jk , when each counting process N jk has intensity process λ jk given by λ jk (t) = 1 {Z(t−)=j} µ jk (t).
For fixed t 0 ≥ 0, define also the 1 × n-dimensional process X by X(t) = I(t)e − t t 0 δ Z(u) (u) du .
View N as n × n-matrices with diagonal elements
In similar fashion, view λ as n × n-matrices with diagonal elements
such that λ jj (t) = I j (t−)µ jj (t).
Recalling that dI i = j =i (dN ji − dN ij ) = j dN ji , we see that dI = 1 1×n dN.
Because the compensated jump processes where M is a 1 × n-dimensional martingale given by dM (t) = 1 1×n (dN (t) − λ(t)dt) .
Integration by parts now yields dX(t) = (dI(t)) e By definition of X, E [ X j (t)| Z(t 0 ) = i] = p δ ij (t 0 , t), E δ Z(t) (t)X j (t) Z(t 0 ) = i = δ j (t)p δ ij (t 0 , t).
